We consider the scattering of an incident particle by bosons. We assume the coupling is linear in the boson coordinates, but can be quite general in the incident particle coordinate. We show that when the final distribution is close to elastic, the independent-boson model applies to this problem. It yields a loss distribution which is simply the exponentiation of the first-order distorted-wave Born approximation (DWBA). Furthermore, we demonstrate that in this regime, for short wavelengths of the scattered particle, this exponentiated Born approximation reduces to the trajectory approximation (TA). Thus it includes both the DWBA and the TA as special cases. We also give a simple recipe for estimating the error this approximation makes. We illustrate these results on a simple one-dimensional model involving a single oscillator, and discuss their relation to previous studies of overlapping regimes. This approximation and accompanying error estimate should prove very useful in analyzing multiphonon effects in atom-surface scattering.
I. INTRODUCTION
There exists, as yet, no generally solvable theory to de- scribe the scattering of neutral atoms from solid surfaces, even within the Born-Oppenheimer approximation for electronic motion. ' The problem consists of a continuum of phonons in a semi-infinite crystal interacting with a elastic is equivalent to requiring that the particle s recoilless trajectory is not strongly modified by the coupling to Hb"h. Note that in nearly elastic scattering, the number of phonons excited in the collision is not restricted, but their cumulative effect on the state of the incident particle must be small. We illustrate this concept by studying scattering in one dimension from a single oscillator via a purely repulsive interaction. Figure 1 shows some schematic loss spectra for this system. The energy loss of the particle is plotted along the horizontal axis, and the probability of that loss is represented by a vertical column. If the interaction were turned off; then the loss spectrum would be just a column of unit height at the origin. In the presence of the interaction, nearly elastic scattering occurs when AE is small in this simple model. However this does not necessarily mean the scattering is weakly inelastic, i.e. , has a large elastic fraction as shown in Fig. 1(a) . In fact, Fig. 1(b) has the same mean energy loss as Fig. 1(a) , although here the scattering is strongly inelastic, i.e. , the elastic fraction is negligible.
We solve the nearly elastic scattering problem for interactions which are linear in the displacements of the bosons. We find the independent-boson model applies to this case, leading to a loss spectrum which is just that of 
etc. The series becomes increasingly complex as one goes to higher orders, but here we use only the property that each G'"' is a linear combination of terms, each of which involves the commutation of n Vz(t)'s together. The Fourier transform of the energy-loss spectrum defined by Eq. (6) is then (up to a factor of 2m ) UqK(co) =2rrvp k 6(cu+E; -e~) (12) w(r) =(k, , oIe """ 'Ik, , o&, (18) P=K+b.K, p, =+@ P+2mco . - (13) Because of the form of Eq. (11) 
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In this section we show that the EBA is valid for quasielastic scattering from a linear interaction. 
Vt(t)= g f V(K, e";6K,co)p(K, ek, bK, co) 
where
is the difference of matrix elements produced by the commutator in Eq. (17) and
is the combination of phonon operators surviving in G' '. When we say surviving, we refer to the fact that any parts of G' ' which are diagonal in both particle and boson space do not contribute to the final distribution, just as in the driven oscillator case. Such terms have been dropped from Eq. (30). The important feature of G' ' for our purposes is in the matrix element combination given by Eq. (31). Note that if V were independent of its first arguments, i.e. , depended only on the energy and momentum transfer, and not on the initial state of the particle, then G' ', and all higher-order contributions, would vanish identically. This is the typical case to which the independent boson model is applied, and corresponds to a structureless interaction. For our class of problems, this will not generally be true. However, for quasielastic scattering, we expect the dominant states occurring in the integrals to be close in k space to the initial state. We expand the matrix elements about the initial state of the particle, i.e. , 
where Fk(co)=~(k'~F(z)~k )~, k'=+k +2m'/A', and 
where z = d /U is a measure of the collision time, as U is the initial velocity of the incident atom. In general, this problem can be characterized by three dimensionless parameters. As we are particularly interested in studying the behavior of this model close to the classical limit, we choose two of these parameters to be independent of A, i.e. , they characterize the classical limit of this model. In particular, we use the same parameters as JCK. We define a = I /(coor), a measure of how close to adiabatic the scattering is, i.e. , a « 1 means that the time for the collision to take place is m~ch lunger than the oscillator's period. We also define y =d, " /d, where d,"=p;/(Meso) and p; is the initial momentum of the incident particle. As shown in JCK, for very small displacements of the oscillator during the collision, d " is an upper limit on its displacement during the collision. Thus, y is a measure of how close one is to scattering from a rigid potential, so that when y « 1, the oscillator hardly moves from its equilibrium position during the collision. Finally, we 2 choose~= kd as a dimensionless measure of the wave vector. In terms of these parameters, rl= (ay /2)f (~, a ), where f (v, a ) =Fk ( -co )c/k is the dimensionless driving force and is given by [see Eq. (46) -sinh~K 1 + 1-
The spectra in Fig. 1 were calculated with g = 0.22 and E= 3. A5'co Din (a), and g = 10 and E = 100IIIcoo in (b). The plots of V versus Ace /E, . in Fig. 2 It is straightforward to show that fTA is a good approximation to the exact EBA result whenever K ))1 and ))1/a. This is demonstrated in Fig. 3, a plot of f (x, a ) versus a for various values of K. For any given value of a( )1 ), the error is 0( 1 /Isa ). Of course, just because TA and EBA coincide for a given set of parameters does not imply that they are valid. However, any limit in which the driving function tends to its TA form and in which the EBA is valid, is a limit in which the TA is valid. As we will see below, such limits include special cases of semiclassical scattering, but also include any quasiadiabatic scattering. Now we consider regimes of validity of the EBA. In general, we expect the EBA to be valid near any limit in which all the moments of the final distribution are tending to their elastic values. We consider two specific limits to illustrate this property, and compare our results to previous studies.
A. The semiclassical regime
The classical limit is defined by letting A~O, keeping all classical quantities fixed. In terms of our dimensionless parameters, the classical limit is found by taking K~~, keeping e and y fixed. We then define the semiclassical regime as one in which x is large but finite, and consider corrections to classical results as a power series in 1/~. As noted in the Introduction, this implies that wavelengths are short, i.e. , X ((d (v))1) , allowing the WKB approximation for the matrix elements given by Eq. (48). It also implies that the mean number of phonons excited, b, E/A'coo( =rl ), is much greater than one, so that the scattering is dominated by multiphonon events, and that the initial energy is much greater than the oscillator energy spacing, i.e. , E; &)%coo (i~)) 1/a). JCK found that, in the semiclassical regime, the TA generally failed, except when either a or y was much smaller than 1. They pointed out that these regimes corresponded either to near adiabaticity or to small displacements of the oscillator relative to the potential range during the collision, respectively. We find the same results for EBA. Figure 4 is a plot of 6, our estimated error for the EBA, as a function of~, keeping a and y fixed. The higher curve is e = 5, y =0. 3, and its asymptotic (and therefore classical) value is above 10%. The lower curve is a=5, y=0. 1, and its classical value is below 10%. Thus the EBA (and therefore the TA) fails in the semiclassical regime for the first values of the parameters, but works for the second. Fig. 4 
